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Abstract 

In this paper we are concerned with the stochastic partial difTerential 
equations of superfast diffusion processes describing behavior of plasma 
dX {t) - A sign {X {t)) In {\X (t) \ + 1) dt = ^dW (t) , in (0, T) x O, 
where O is a bounded open interval of R. We define a strong solution 
adequate to the properties of the natural logarithm and we prove the 
corresponding existence and uniqueness result. 

Key word: stochastic PDE's, monotone operators, super-fast diffusion, 
plasma physics 

MSC[2000] 76S05, 60H15, 82D10 

Introduction 

Consider a nonlinear diffusion process of the following form 

dX{t) = A\n{X{t) + l)dt (1) 

where X {t, ^) is the density for the time - space coordinates {t, ^) . This equa- 
tion describes the process that has been observed during experiments using 
Wisconsin toroidal octupole plasma containment device (see [16j). Kamimura 
and Dawson predicted in [T7] this process for cross-field conservative diffusion 
of plasma including mirror effects. 

The same equation describes the expansion of a thermalized electron cloud 
and arises also in studies of the central limit approximation to Carleman's model 
of the Boltzmann equation (see [12] and [H]). The asymptotic behavior of this 
equation was studied in ^ . Most of the natural phenomena exhibit variability 
which cannot be modeled by using deterministic approaches. More accurately. 
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natural systems can be represented as stochastic models and the deterministic 
description can be considered as the subset of the pertinent stochastic models. 

The purpose of this paper is to analyze such equations within the framework 
of stochastic evolution equations with ([T]) as underlying motivating example. Let 
us now introduce the suitable framework for this problem. 

Notation 

Let O be a bounded open interval of R. Recall the distribution spaces Hg (O) 
on O and it's dual H^^ (O) with the scalar product and the norm given by 

respectively, where (•, is the pairing between Hq (O) and H^^ (O) and the 
scalar product of (O) . The norm in (O), 1 < p < oo will be denoted by 

Hp- 

Given a Hilbert space U, the norm of U will be denoted by and the 
scalar product by (•,•)[/• By C {[0,T]]U) we shall denote the space of U— 
valued continuous functions on [0,T] and by C^^ ([0, T] ; (O, J", P; C/)) the 
space of all [/-valued adapted stochastic processes with respect to filtration T 
of the probability space, which are mean square continuous. 

Formulation of the problem and hypotheses 

The main result is an existence and uniqueness theorem for the following 
stochastic nonlinear diffusion equations in H^^ (O) with additive noise 

dX {t) - A sign {X (t)) In {\X (t) \ + 1) dt ^ ^QdW (t) , in (0, T) x O, 
sign {X {t))ln {\X (<) | + 1) = 0, on (0, T) x dO, 

X (0) = X, in O, 

(2) 

where O is an open bounded interval of M, x is an initial datum and 

sign (X) = < \x\ 

[ [-1,1], if x = 0. 

Here W (t) is a cylindrical Wiener process on (O) of the form 

oo 

fc=i 

for {13 a sequence of independent standard Brownian motion on a filtered 
probability space (ti, T, {Tt}fyQ and {ck} is a complete orthonormal sys- 
tem in (C) of eigenfunctions of —A with Dirichlet homogeneous boundary 
conditions. We denote by {Xk} the corresponding sequence of eigenvalues. The 
operator Q <E L (^L^ (O)) defined by 

oo 
k=l 
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where {7^,} is a sequence of positive numbers, is symmetric, self-adjoint and 
nonnegative. Then the random forcing term is 

00 

^dW {t) = Ik^kdPk {t)> t> 0. 
fc=i 

Because : R — )■ R, {x) = sign{x)\Tv(\x\ + 1) is a maximal monotone 
operator, we can see that the operator defined by A (x) — — (x) , for all x G 
D [A) , where D {A) = {x G R-^ (O) n (O) ; ^' (a;) G H}^ [O)] is maximal 
monotone in R-^ {O) x R~'^ [O] (see [IT]). 

In this paper we shall assume that the sequence {7^} is such that 

(^1) Efci 7fcA^ < C50 and ^^^^ 7feA^ < 00; 
and 

{R2) V^W e C ([0, T] X O) P - a.s.. 

Note that, for every uj fixed, we have, for some constant C, that 



sup 

se[o,T] 



QW (s) 



< C. 



(3) 



A similar result was proven in [5] for semilinear parabolic stochastic equa- 
tions and in [5] for porous media stochastic equations. 

Denote by g : R K, 

g{x) = {\x\ + l)\n{\x\ + l)-\xl 
and note that, in our case, dg — . 
Definition 1 An adapted stochastic process 

XeCw ([0, T] ; ff-i (O)) n LP ((0, T) X Oxr!) , p > 4, 
is said to he a solution to equation (0j if 

2 

-1 



X (t) - ^QW it) - Z (t) 



Jo 

< l|x-Z(0)|^ + 



g {X [s)) dids 

Jo 

' (-A)"^ (s) [x (s) - ^fQW (s) - Z (s)) d^ds 



9* 



Jo 



g{z{s) + {s)^dids, P-a.s. 

/or every starting point x G (O) and for all adapted stochastic processes 

Z eCw{[0,T];R-^{O)), 
such that, for every uj Q fixed, satisfies 
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i) Z eC{[{),T]-L^O))- 
It) Z' eL^{0,T;H-^{O)); 
ill) g{Z + y/QW) G ((0, T)xO). 

Definition f resembles the classical definition of a mild (integral) solution 
to deterministic variational inequality (see, e.g., [I]). For stochastic differential 
equations a slightly different version was used in [5] and [53] . We can easily see 
that a solution in the sense of [^20^, Definition 4.2.1] is also a solution in the 
sense of Definition [T] above. 

Context 

Existence results for equation 

dX (t) ~ A* {X (t)) dt = ^/QdW (t) , in (0, T) x O, 
*(X(i)) =0, on (0,T) X do, 

X (0) X, in O, 

were obtained in [4] for ^ monotonically increasing, continuous, with 5* (0) = 0, 
and satisfying the following growth conditions 

*'(r) < ai Irp^Vaa and / ^ (s) ds > as {r^'^^ + ai, 

Jo 

for all r e M, where ai,a2,a!4 > 0, > and m > 1. This result was 
generalized in [7]. Note that our case is not covered by those hypotheses. 
An other existence result was proved in p2| for the operator 

* (r) = sign (r) {rf^^ (log (|r| + 1))' , 

r e M and 61 g (1, oo) , s S [1, oo) (see ^ Example 3.5). 

In the present paper we are considering the critical case 9 — 1 which was not 
covered, by using a different approach and a different definition of the solution. 

1 The main result 

The main result of this work is the following 

Theorem 2 For all x £ (O) , p > 4, equation (0) has an unique solution in 
the sense of De}inition\^ 

In order to prove this result we need some estimates that will be used for 
both existence and uniqueness. 
A priori Estimates 
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Denote by vj/ : R — >• 2*, ^' (x) ~ sign (x) In (|a;| + 1) . Since v]/ is a maximal 
monotone operator we can consider the following approximating equation 

dXe (t) - {Xe (t)) dt = ^/QdW {t) , in (0, T) x O, 
*e(^e(t)) = 0, on (0,T) X do, (4) 

Xe (0) = X, in O, 

where {x) = {x) + ex, for all x G M, and '^e is the Yosida approximation 
of ^, i.e., 

^e {x) = i (l - (1 + e*)"^) (x) = *((! + e*)"^ x) 

for all e > 0. We can take this approximation since ^ is a maximal monotone 
operator (see e.g., [J, [3]). 

For each e > fixed, equation ([4]) has an unique solution in the sense of [T^ or 
[[20]. Definition 4.2.1] (see Example 4.1.11 from HO]). Note that solution Xe to 
the approximation equation Q is in our case a path-wise continuous, (O) 
- valued, [Tt) - adapted stochastic process. Clearly, this is also solution in the 
sense of Definition [TJ 
Setting 

Ye (t) = Xe (t) - ^/QW {t) , 

we may rewrite (j4]) as a random equation 

dYe (t) - Afe {Ye (<) + ^fQW (t)) dt 0, in (0, T) x O, 
*e {Ye {t) + VQW (<)) = 0, on (0, T) X do, (5) 

Ye (0) = X, in O, 

For each a; G 51 fixed, by classical existence theory for nonlinear equation we 
have that equation ([5]) has a unique solution Ye € C ([0, T] ; (O)) , with Y^ G 

{0,T;H~^ (O)) (see [19] for the general result and [5] for a similar case). 

By the Ito formula with the function x jxjj we get from ^ that 

oo 

E\Xe{t,x)\l<\x\l+tJ2>^hl 

k=l 

and then, we get that, for each w G r2 fixed, we have 

|^e(i)li2(o)<C(^), (6) 

for all t G [0,T] , with C independent of e. By assumption H2, we can assume 
the same estimate holds for Ye, i.e., 

\Ye {t)\' = Xe {t) - it) < C, (7) 



lL2(0) 

for all t G [0, T] , with C independent of e 



LHO) 
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Lemma 3 There exists a constant C ( independent of e) such that for all uj E Q 
fixed, we have that 



T 

JO 



(n is) + VQW (s)) 



d^ds < C, 



for all t e [0,T] . 



Proof of Lemma [3j 

Recall that g : M — > R, is defined by 

gix)^{\x\ + l)\ni\x\ + l)-\x\ 

and ge is the Moreau-Yosida approximation of g. Since dg — we have by [[T], 
Theorem 2.2] that Vg^ 

From the definition of the subdifferential we have, for all < A < 1 fixed 

and for all 9, such that \9\ < —, the following inequality 



*e [Ye + VQWj [Y, + -0-X 

> g,(Y, + ^w)-g,{9 + X) 

> g (^J, (y, + ^W)) ^ g {6 + X) , 



a.e. on [0,T] x O. 

Taking into account that 



< g{x) < a;^ for aU x eR, 



we obtain that 



*e (y, + Vqw) (y, + ^Qw - - a) > -{e + xy 



> 



9A^ 9 



a.e. on [0,r] x O. 
By taking 



it follows that 



A ^4y, + vqw) 

2 I*, (n + VQW^)| 



a.e. on [0,r] x O. 
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Consequently we obtain that 



d^ds 



< 



< 



< 



jj^ ^ + ^/QW) (y, + ^/QW - a) d^ds + ^\0\T 



A Jo 



o 



+ ^/QW - a) dids 



2 

< - 
- A 



-y ^ + ^/QWyd^ds 
+2e£ + ^W) d^ds +^P\T 

A)-^(^-^Y^ (y, + ^W -\)d^ds + C. 



10 JO 

Now it is sufficient to show boundedncss for 



'0 JO 

f-T 



(-A)-i i-§-ye] {y, + ,/QW - a) d^ds 



Ja JO 



Ye Yed^ds 



2 

+ A 



'0 JO 



(-A)-i ( -— n ) y/QWd^ds 



Firstly, we have that 



h = 



Jo 



{-Ay 



ds 



Y, Yed^ds 



Y Y 

ds ' 



ds 



For the second term 



l{\Y,iT)\l-\Y,{0)Q<C. 



we may choose, for a > 0, small enough, a decomposition = to < ti < .. 
ti < ij+i < ... < tN = T such that, for all t,s G [ti, ti+i] , we have 



VQW {t) - y^W (s) 



L<»(0) 



< a. 
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Consequently, we may write 



Is 

1=0 

o rU+i 



E 

i=0 



O 

N-1 ,t 



ds 

d_ 

ds 



Ye ) ^/QWd£,ds 



E 



1=0 



ds 



E 

i=0 



< 



2a 
T 



Li(0) 



Finally we have 

= 2 
< 2 



"'O 



((-A)-^y,(T)-(-A)-^y,(o))de 



(-Ar^n(T) 



Li(0) 



(-A)-in(O) 



since (O) C (O) and (-A)"^ x 
Going back to © we get that 

2 r f , . _i / d 
A 



Li(0), 

\x\_^ , for aU X e (O) 



'0 Jo 



(-A) ^ ( n ) [Y, + TqW^ - A ) d^ds 



< 



ds + C 



and then, for a small enough and A fixed, we get from ([5]) that 



JO Jo ^ 



d£,ds < C. 



The proof of the lemma is now complete. 
Proof of the main result. 
Existence 
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We have to prove existence of the hmit for {Y^}^ as £ — ^ and consequently 
we'll get existence of the solution for equation ^ in the sense of Definition [T] 
From Lemma [3] we get, for all uj G fl fixed, that 



< C. 



Li(0,T;Li(O)) 

Since for O C M we have (O) C (O), this leads to 

d 



< 



(-Ar'n 



(10) 



(11) 



Li(0,T;if-i(G)) 



<c, 



Li(0,T;Li(O)) 



for C independent of e. We denoted by 

n 

Vf(/) = sup^|/(tO-/(t»-i)|_i 

1=1 

where the suprcmum is taken over all partitions D = {0 = to < ti < ... < tn = T} 

of[o,r]. 

On the other hand, by classical deterministical arguments we have that, for 
each a; G fixed 

sup |r,(OI-i <c(^) 

te[o,T] 

which leads to 



sup 

tG[0,T] 



(-A)-'i;(i) 



< C (cj) . 



(12) 



Then, since |(-A) ^i;(i)| is bounded in (O) and (O) C H'^ (O) 
compactly, we have that 



|(-A) ^ Y, (i)| is compact in H^^ (O) , for aU t e [0, T] . 



(13) 



From pT|) and (|13p it follows, via Helly-Foia§ theorem (see Theorem 3.5 and 
Remark 3.2 from [8 or page 238 from [21 ), that, on a subsequence, we have 

(-A)"^ Y^ (t) G (<) strongly in R-'^ (O) , for all t e [0, T] . 

Because (O) c (o) c R-'^ (O) we have that 



{-A)-'Y,{t)-G{t) 



< e 



{~A)-'Y,{t)-G{t) 



HliO) 

+C(£) (-A)-in(O-G(t) 



for ah t e [0,T] (see [19], p. 58) and therefore 

(-A)~^ Y^ (t) G (t) strongly in (O) , for all t G [0, T] . 



9 



Using d?]) we obtain that 

(-A)"^ (t) ^ i-Ay^ Y (t) strongly in (O) , for all t € [0, T] . (14) 
On the other hand we have 

\yit)-Y,it)t, 
= (i-A)-' y (t) i-A)-' n (t) , n (t) - n (t)) 



< 



(-A)-i n it) i-A)-' Y, (t) in (t) - n (i)L.(o) 



Using © and (dU we get that 

Y, (t) Y (t) strongly in H^^ (O) , for all t e [0, T] 
and, since X,^Y, + y/QW, with y/QW G C ([0, T] x O) , we have 
X, (<) ^ X (t) strongly in iJ^^ (O) , for all t G [0, T] . 
On the other hand, from ([6|) we have, for every uj d Q fixed, that 



(15) 
(16) 



/ / g ({1 + e^r' X, (t)) < I I {\ + e^)-^X, 
Jq Jo ^ ' Jo Jo 



it) 



< f f \Xe (i)l^ d^<C (uj) , for all t e [0,T] 
Jo Jo 



where (1 + e^f) ^ is the resolvent of ^. 
Since 

y gjx) 

iim — — — = oo 

x|— j-oo |a;| 

we have that |(1 + e*)"^ (Xg (t))| is bounded and equi-integrable in (Ox (0, T)) 

Then, by the Dunford-Pettis theorem, we get that the sequence is weakly com- 
pact in (Ox (0,T)) . Hence, along a subsequence, again denoting by e, we 
obtain that 

(l + £«')"^(Xjt)) ^X(f), weakly in (Ox (0,r)), (17) 

as £ — 0. 

We know that X^ — Ys + \/QW is also a solution to equation (|4]) in the sense 
of our definition, i.e.. 



Xe (t) ' VQW (t) - z (<) 



g, {X,is))d^ds 



(18) 



Jo 



< 



+ J^J^ i-^y' §;Z{s) (X, (s) - is) - Z is)) d^ds 
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for alHe [0,T]. 

We intend to take the liminf for e — > in p8|) . 

Convergence of the first term is a direct consequence of (|16l) and for the last 
term we only need to use classical properties of the Moreau-Yosida approxima- 
tion i.e., g (^{l + £*)~^ {x)^ < ge {x) < g {x) for all x €R. 

We shall discuss now the second and the third term of the left hand side. 

Since ip : {Ox {0,T)) R defined by ip{x) = J* g {x s)) d^ds is 
weakly l.s.c. on {Ox {0,T)) (see [1] Proposition 2.9 and Proposition 2.12 
from Chapter 2) we get from p?]) that 

liminf/" [ g^{X,{s))d^ds> [ [ g{X{s))d^d3, for alH e [0, T] , 
^^'^ Jo Jo Jq Jo 

and then we can pass to the liminf for e — > in the second term. 
The third term of the left hand side can be written as 



From (flSl) we have that 



j-Z,Y,-Z 
OS 



Z{s),Y,{s)-Z{s) 



^Z,Y-Z 
OS 



ds. 



On the other hand we can easily see that 



d 



Z{s),Y,{s)-Z{s) 



< 



< 



Z{s) 
Z{s) 



[o,r]. 



%{s)-Z{s)U 



< c 



ess sup \Y^ (s) - Z (s)|_j 

-1 s<E[O.T] 

G L^{0,T), a.e. on [0,r] 



Now, by using Lebesgue's dominated convergence theorem we obtain that 
At this point we can take the lim inf for e ^ in (fT8|) and get that 



X{t)-^QW{t)-Z{t) 



g{X{s))d^ds 



JO 



+ J^J^ (-A)-i (s) (s) - (s) - Z (s)) d^ds 

< ^\x-Z{0)t,+ J^g(^Z (s) + (s)) d^ds, F-a.s. 
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for alHG [0,T]. 

By applying the Ito formula to equatfon Q with the function x i— > \x\'^_^ 
and from (IT6)) we get that 



Xe-^X, weakly in L^{[0,T];L^ {n;H-'^ {O))) , as £ ^ 0. 

Then, arguing as in PU], we may replace X by a H~^{0)— continuous 
version and follows that the solution is also an (Tt)- adapted stochastic process. 

On the other hand we can easily see that X E {ft x O x [0,r]) arguing 
as in Lemma 3.1 from 7 and that conclude the proof of the existence. 

Uniqueness 

Consider X an arbitrary solution to equation ^ in the sense of Definition 

m 

The main idea of the proof is to take Z — {1 — /lA) — J^l^ in Defini- 
tion [T] , for Ye the solution to equation (|19p below and J^, the resolvent of the 
Laplacian. 

Consider, for each uj E Q fixed, the following approximating equation 

dYe (t) ~ {Ye {t) + VQW (t)) dt = 0, in (0, T) x O, 
*e {Ye (t) + VQW (t)) = 0, on (0, T) X dO, (19) 

Ye (0) = X, in O. 

where (x) — (x) + ex, for all a; e M and 'I'e is the Yosida approximation 
of ^, for every e > 0. By classical existence theory, equation ([T9| has a unique 
solution 

YeGC ([0, T] ; iO)) n (O, T; H'^ (O)) , 

with e {0,T;H-^{O)) . 

For /i > fixed we consider the resolvent of the Laplacian : (O) 
(O) , Jf, (x) = (1 - fiA)'^ (x) , for all x e (O) . 

Since is differentiable we may denote by DJ^ the Gateaux differential 
and we see that 

d 



^^J^{Ye{t))^DJ^{Ye{t))-Ye{t) 



d_ 



Ja 



dt 



Ye{t) 



(20) 



for all t £ [0,T] . 

Now we can prove that Z = J^Ye satisfies i), Hi) from Definition [T] 
We can easily see that J^F^ € C ([0, T] ; (O)) and then i) is satisfied. 
Concerning ii) we know that, for every e > fixed, we have 



J,§-Ye(s) 



ds < 



d 



Ye{s) 



ds 



and 



Q-Ye&L^ (0,r;i/-i(O)). 
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Hence, by (PU)) . we get that 

y=P^^^^^^^' (0,T;i/-i(O)). 

Property Hi) is a direct consequence of < 5 (x) < x^, for all x G (— l,oo) 
Indeed, we have for every e and /i fixed that 



d^ds < 00 



because J^Y^ £ C ([0, T] ; (£))) and VQVT e C ([0, T] x O) . 

Since J^^l^ satisfies i), ii) and iii) we can write Definition [1] for the solution 



X with Z = JfjY^, i.e. 



X (t) - ^QW (t) ~ J^Y, (t) 



Jo 



g {X {s)) d^ds 



(21) 



JO 



< 



(s) (j^ (s) - (s) - J^Ye (s)) d^rfs 



Applying (which is linear) to (fT9|) we get that 



^ [j^n (t)] + (-A) (r, it) + it))) = 0. 



By Proposition VII 2, ai) and 02) from |10j we can rewrite this equation as 
follows 

^ [J^n (t)] - A ( J^¥, (t) + (t)) ) = 0. (22) 



Using (f22|) in the third term of the left-hand side of ([2T|) we can rewrite it 
^ ^ (-A)-i ^ (s) (s) - is) - J^Y, (s)) d^ds 

= J J J^.'^e (y, + v/QVf) ( (s) - ^ (s) + ^/QW (s)) d^ds 

JO Jo ^ 



Ye + VQW n + VQW -Ju[Y+ ^QW d^ds 



f n + VQw^ ) {j,.VQw - VQw] d^ds 

lo Jo ^ 

+ J j ^,{y, + ^w] {{I - nA)-^ n - n ) d^ds 
T1+T2+T3, 



where F = X - y/QW. 
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Since '^^ (x) — (x) +ex, where is the Yosida approximation of ^, and 
(x) = 5e (x) + where is the Moreau- Yosida approximation of g, we 
have that 'g'^ = \E'e and then, by the definition of the subdifferential, we get that 



This leads to 



/o Jo 



(x) (x - y) > g^ (x) - g^ (y) 



> 



^ (g, (y, + VQW^) - 5e (-/p (^^ + V^W^) ) ) d^ds. 



We also have 



-T, 



< 



< 



JO 
t 





< c 



VQW-J^y/QW 



Hl(0) 



ds 



Li((0,T)xO) 



VQW-J^y/QW 



L^{0,T-Hl(O)) 



L'^{0,T-Hl(O)) ' 



using Lemma|3]and the fact that (O) C (O) , for O € 
From ([H]) follows that 



(-A)-^ (s) (n (s) - (1 - mA)"' n (5)) d^rfs 
- \ {\Ye {t)\\ - \J,Y, {t)\\) - \ (ir, (O)l^ - \J^Y, (o)l^) 

> i^e m\ \J,ye (O)l^) = (|X|^_, - \J,xt^ 

since | J^F^ < 1^1; (^)l^i foi' all t G [0, T] and x is the starting point of the 

problem. 
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Going back to (PT|) we get that 

l\Yit)-J,Y,{t)\'_^ 



/ g{X)d^ds+ f f 5e(^e)«23) 
Jo Jo Jo 

t 

/ , — N . . . fc ; 

5' 



JO 



+C 
1 



J^X)d^ds + ^ f f {J^xfd^ds 
^ Jo Jo 

lo lo^ (-^M^e + VQw) d^ds 

QW-J^^W 



L~(0,T;Hi(O)) 



We firstly pass to the liminf for e — >■ 0, with /i > fixed, as follows. 
Arguing as we did in the proof of existence we have that 

liminf / / 5e (Xe (s)) d^ds > [ [ g {X (s)) d^ds, for all t G [0, T] . 
Jo Jo Jo Jo 

We shall now pass to the liminf for e — )■ 0, with /i > fixed, in 

J^g ( (s) + VQM^ (s)) dCds. 

We know by (O that {y^}^ is bounded in C ([0, T] ; (O)) and considering 
(fTS]) we get that 

Y, (t) -^Y{t), weakly in (O) , for all t e [0, T] , 

as e — )• 0. On the other hand, we know that, for every ^ > fixed, we have that 
Jfj, : L"^ (O) — L'^ (O) is compact and then 



as e — !• 
Since g : 



J^Y, (t) J^Y (t) , strongly in (O) , for all t E [0, T] , 

X ^ R is continuous and y/QW G C ([0, T] x O) we have that 

g ( + VQW^ ^ g ( J^y + VQw) , a.e. on [0, T] x O. (24) 

We also know that : (O) — > C (O) is continuous and then { J^Fe + y/QW} ^ 
is bounded in C ([0, T] x O) . We obtain that 



g [jf^Y, + v/QW^) < \ J^^Y, + v^VKp < C, a.e. on [0,T] x O. 

Consequently, by Lebesgue's dominated convergence theorem, we get from 
and (1251) that 



(25) 



Irni J^g ( + v/QVf) d^ds ^ J^g {jf^Y + ^/QW^ d^ds 
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Going back to and passing to the liminf for e — > 0, with /i > fixed, we 
get that 



2 

1 

< 



^ Y (i) - J^r [ [ 9 (X) d^ds + f [ g {X) d^ds (26) 

Jo Jo Jo Jo 



]^\x~ J^x\\ +J^J^9 {J^.X) d^ds + J^J^9 {j^Y + VQVk) dCds 



-C 



L^{0,T:Hl(O)) 

We shah now pass to the liminf for /i — 0. 
Firstly we discuss the foUowing term 

[g{jpi{s))-g(X{s))]d^ds. 

lo JO 
Since 

JpC (s) -^X{s), strongly in (O) , for all s G [0, T] 
as ^ — and since : M — > K. is continuous, we have that 

g {jpC (s)) g{X (s)) , a.e. on O, for ah s G [0, T] 

as /X — 7> 0. 

By the Egorov theorem we get that, for every S > 0, there exists a set Eg with 
the Lebesgue's measure \Es\ < S, such that 

g (jpT) - g(X) ^ 0, uniformly on 0\Es 

as ^ ^ 0, for all t e [0, T] and then 

lim / [g {J pi) -g(X)]di^ hm / [5 {j^X) - g (X)] d^ 

I^^^Jo t^^^' J Es 

for all i e [0,T]. 

On the other hand we have 

[g {J,X) -g{X)] d^ 

IE, 

1/2 / ^ „ \ 1/2 

< ' ' 

' lEs / \JEs 

1/2 



7 Id^) ([ [g {J,.X) - g {X)]' dC 
\JEs / \JEs 

< 2\Es\^^^ (^J X*d^^^ <C6, a.e. on [0,T]. 



(Indeed, we can easily see that [•^^"^^^'(Ba) — I"''^L4(_E4) using the same 
argument as in f4] to obtain 3.25). 
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Then, we get that 

Km / [g ( jpC) - g (X)] = 0, a.e. on [0, T] . 

t^'^^ Jo 



We also know from ([6]) that 

g{j;X{t))-g{X{t))]di < 2 



\X{t)\ d^ 



< 2 sup / \X{t)\^d^<C, a.e. on [0,T] 

telO.T] Jo 



tG[0,T] Jo 

Using Lebesgue's dominated convergence theorem we get that 



lim 



/O JO 

Using the same argument we get that 
ft 



[g{jf,X (s)) ~ g {X is))] dCds ^ 0. 



lim 



Jo 



g[j^Y{s) + ^W{s))~g{Xis)) 



d£,ds = 0. 



In order to conclude the proof we only need to mention that, for each uj £ Q 
fixed, we have 



lim 



L°°(0,T;Hi(O)) 



0, 



(27) 



which is a consequence of the fact that ^/QW G L°° (O, T; Hq (O)) 

Going back to p6| we can pass to the liminf for — > and get that, for 
each uj € n fixed, we have 

\Xit)~X{t)\_^=0, 

for all t E [0, T] , and that assure the uniqueness of the solution. ■ 

Acknowledgement 4 The author thanks the referee for the constructive com- 
ments and suggestions. 
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